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In a recent paper, P. Chowla proved that -1 can be represented as a sum 
of two squares in Q(em’/“) if the positive integer n is divisible by a positive 
integer m 3 3(mod 8). In this paper we determine necessary and sufficient 
conditions in order for - 1 to be the sum of two squares in any algebraic number 
field K. In particular, when K = Q(e anilA) the equation -1 = a2 + b2 is 
solvable if and only if n is divisible either by 4 or by some odd prime p such 
that the order of 2(modp) is even. We show that the set E of such primes consists 
of all primes - f3(mod 8) together with a subset F of the primes = l(mod S), 
where the Dirichlet density of F is 5/24. 
Throughout this paper K denotes an algebraic number field and Q 
denotes the rational field. We will be interested in determining when the 
following condition (*) holds in K : (*) - 1 can be represented as a sum 
of two squares in K. 
THEOREM 1. (*) holds iE K if and oplly if K is totally imaginary and the 
local degrees of K at all primes of K extending the rational prime (2) are 
even. 
Proof. Let G be the quaternion group of order 8 and let D be the 
ordinary quaternion algebra over Q. It follows from [4, p. 4701 that (*) 
holds in K if and only if K is a splitting field for G. Since the group algebra 
of G over Q is isomorphic to the direct sum of D and four copies of 
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Q, K is a splitting field for G if and only if K is a splitting field for D. K is 
a splitting field for D if and only if K splits D locally at all primes of K 
[5, p. 1171. Since D has invariant 4 at (2), + at co, and 0 at all other primes 
of Q, we see from [5, p. 1181 that K splits D if and only if K is totally 
imaginary with even local degrees at all primes of K extending the rational 
prime (2). This proves the theorem. 
COROLLARY 2. If 4 / n, then (*) holds in Q(eQniln). rfn = 2m, m > 1, m 
odd, then (*) holds in Q(e2”i’“) = Q(e 2nilm) if and only if the order of 
2(mod m) is even. 
Proof. The first statement is immediate since q\/-1 E Q(e2”i”“) if 4 / n. 
The second statement follows from [9, p. 2591 and Theorem 1. 
In view of the corollary, we need only consider Q(e”“+) when n is odd. 
We next show that it is enough to take n prime. 
THEOREM 3. Let n be odd. Then (*) holds in Q(ezVi/n) if and only if(*) 
holds in Q(eznil”) for some prime divisor p of n. 
Pro@. If p 1 n, then Q(e2ni/P) C Q(e 2naln) so one implication is clear. 
Now suppose that (*) holds in K = Q(e”“+). Let it = pp -v-p>, where 
the pj are distinct primes. Then K is the composite of the fields 
Ki = Q(ezwi’f’4’), j = l,..., r. If the local degrees at (2) for each of the Ki 
were odd, then [K/ : Q,] would be odd for any prime fi of K extending (2). 
Thus we may assume that n = pa, p prime, and we must prove that (*) 
holds in L = Q(e2”i’p). Since p is odd, L is totally imaginary. Suppose the 
order of 2(mod p) were odd. Then 2b = 1 (mod p) and 2b = 1 + kp, b odd. 
Thus 2bp”-1 = l(mod p”) so the order of 2(mod p”) is odd. This contradicts 
the assumption that (*) holds in K and proves the result. 
In view of Theorem 3, we can restrict our attention to primes. 
THEOREM 4. Let p be a prime. Zf p = &3(mod S), then (*) holds in 
Q(e2ni/1J ). Ifp = 7(mod S), then (*) does not hold in Q(ezwi’“). 
Proof. By quadratic reciprocity, we have that 2 is not a quadratic 
residue (mod p) if p = f3(mod 8) but is a quadratic residue (mod p) for 
p = 7(mod 8). Ifp = 7(mod S), then 2 = x2(mod p) so 2(2)-1)/2 = xp--l = 
1 (mod p). Since (p - I)/2 is odd, 2 has odd order (mod p) and so (*) fails 
to hold in Q(e2Cilp) when p = 7(mod 8). If p = &3(mod 8) and 
22m+1 = I(modp), then 2 . (2”)2 = l(modp); so 2 would be a quadratic 
residue (mod p) which is not the case. 
An alternate proof that (*) holds in Q(e 2ailp) if p = 3(mod 8) appears 
in [l]. The result that (*) does not hold in Q(e”+“) for p = 7 (mod 8) 
appears in [3]. The case when p = 1 (mod 8) is more complicated. Some 
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criteria for the parity of the order of 2 can be found in [7]. In our next 
result we obtain the Dirichlet density of the primes p such that (*) holds 
in Q(c+~/~). 
THEOREM 5. Let E be the set of all odd primes p such that the order of 
2(modp) is even. Then E has Dirichlet density 17124. 
We begin the proof of Theorem 5 with the following lemma: 
LEMMA. For any oddprimep and any positive integer n, let R,(p) denote 
the number of roots of the congruence 9” = 2(modp). Then 
(1) if R,(p) = 0, the order of 2(modp) is even. 
(2) if0 -=c R,(p) < 2”, the order of 2(modp) is odd. 
Proof (1). Denote the order of 2(mod p) by v and suppose that v is 
odd. Then there exist integers s, t such that sv + t2” = 1. Then 
2 = (2~)~ . (2t)2” so that x = 2t is a solution of the congruence x2” = 2 
(modp). This proves that if v is odd, then R,(p) > 0. 
(2). Let g be a primitive root (mod p) and let 2 = g”(mod p), 
0 < p < p - 1. Setting x = gr, we see that the congruence 
~2” E 2(mod p) is equivalent to 2°C = p(mod p - 1). From the theory of 
linear congruences we know that R,(n) = 0 unless (2”, p - 1)1 p, which 
case R,(n) = (2”, p - 1). By assumption, 0 < R,(n) < 2”; therefore, 
(2”, p - 1) = 2”, where 1 < k < n and 2* I p. Then (p - 1)/2k is odd and 
2(P-l,/z8 3 gL4P-l)/2k E l(mod p) so 2 has odd order (mod p). 
Proof of the theorem. Fix an integer n 3 3 and let (Y be the real root 
of the irreducible polynomial x 2” - 2. Let 5 be a primitive 2” - th root 
of unity. The Galois group G of x2” - 2 is isomorphic to the Galois group 
of Q({, a) over Q. Since n 2 3, Q(l) 2 Q( ~‘2). Over Q(5) we have 
x2n - 2 = (x2”-’ - l/2)(x2”-’ + 42). If x2”-’ - d/z were reducible in 
Q(~>[x], then ~‘2 = y2 for some y E Q(5) [8, p. 2211. But then y would 
satisfy x4 - 2 = 0 and so Q(c) 2 Q(w). This is impossible since Q(c) 
is an abelian extension of Q while Q(w) is a nonnormal extension of Q. 
This shows that 1 G 1 = 22n-2 and Q(n n Q(a) = Q( 1/Z). We next 
determine G. Let u be an element of the Galois group of Q(5, a) over Q. 
T;=u($ ,= p, u(a) ~~c~a~~here a is odd, 0 < a < 2”, 0 < b < 2”. 
01~ - = (1 + c2 - )/i2 - . Applying a and setting h = 2n-3 we get 
(- 1)” Pl(l + X2) = 1 + h2Q. This shows that if a = rf 1 (mod S), then 
b is even, while if a = f3(mod S), then b is odd. Since I G I = 22n-2 we 
conclude that every such mapping is an automorphism and we have: the 
permutation T of the roots of x2” - 2 given by T([~cx) = 5oj+b~, where 
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O~j<2n,isanelementofGifandonlyifO<a<2n,0~b<2n,a 
is odd, b even if a F f l(mod 8) and b odd if a = f3(mod 8). 
We now divide the set of all odd primes into 3 disjoint subsets A, B, C as 
follows: 
From the lemma and the fact that R,(p) < 2” for all odd primes p we see 
that C C E C A u C, where E is the set of all odd primes p such that the 
order of 2(modp) is even. For each element u E G, letf(a) be the number 
of fixed points of (T. Then G is the union of the three disjoint subsets 
H = {u If(u) = 2%) = {I}, 
K = {Q / 0 <f(a) < 29, 
L = {D~f(U) = O}. 
Denoting the Dirichlet density of any set p of primes by 6(p), we know 
from the Frobenius density theorem [6, p. 1291 that 
6(A) = #, 6(B) = %, and 6(C) = H. 
Clearly, S(A) = 1/22”-2. Next we calculate I L I . In order for the permuta- 
tion u(cja) = pi+b 01 to be without fixed points, it is necessary and suffi- 
cient that (a - 1) j + b f O(mod 2”), i.e., (a - 1, 2”) +’ b. Let 
(a - 1, 2”) = 2”, where 1 < k < n. If k = 1, we have either 
a = 3(mod 8), in which case b is odd, or a = 7(mod 8), in which case b is 
even. Thus, in this case (a - 1, 2”) 7 b if and only if a = 3(mod 8) and b 
is odd. The number of such pairs (a, b) is 2n-32n-1. Next, consider k = 2; 
in this case we have a SE S(mod 8). This implies that b is odd and so 
automatically (a - 1,2”) 7 b. The number of such pairs (a, b) is again 
2”-3 * 2+-l. Now suppose 3 < k < n. Then a = l(mod 8); so b is even. 
The number of even residue classes (mod 2”) which are not divisible by 
2k is 2”-l - 2”-“. Hence the number of pairs (a, b) with (a - 1,2”) I b is 
in this case 2n-1-k(2n-1 - 2”-“). Finally, if k = n, we have a = 1, b any 
even nonzero residue (mod 2”). This contributes 2”-l - 1 pairs (a, 6). 
Adding these results, we find that 
n-1 
/ L I = 22n-4 + 22~4 + c 2%l-k(2n-1L 2”-k) + 2n-1-v 1. 
k=3 
Therefore 
n-1 
s(c) = 2-2 + 2-2 + 1 2-“(1 - 21-k) + 2-“+I - 2--2n+3. 
k=3 
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Denoting upper and lower Dirichlet densities by 8 and 6, respectively, 
we now see from the inclusion C C E C A u C that 
S(C) < 6(E) < &!I?) < W) + %C), i.e., 
; + y 2-“(1 _ 21-k) + z-s+1 - 2--2n+2 
k=3 
< l&?z) < S(E) < ; + y 2-k(1 - 21-k) + 2-“fl. 
k=3 
As n -+ to, the two extremes tend to the same limit, and we get 
S(E) = ; + f 2-“(1 - 21-k) = ;, 
k=3 
proving the theorem. 
COROLLARY 6. Let F be the set of all primes p = l(mod 8) such that 
the order of 2(mod p) is even and let F’ be the set of allprimesp = I(mod 8) 
such that the order of 2(modp) is odd. Then F, F’ have Dirichlet densities 
5124 and I/24, respectively. 
Proof. The Dirichlet density of the set H of primes p 3 i3(mod 8) 
is 4. By Theorem 4, H C E and E does not contain any primes GE 7(mod 8). 
Thus 6(F) = 5/24 by Theorem 5. Since 6(F u F) = l/4, the result 
follows. 
Remarks : Since S(E) > 0, we have CPEE l/p = co, from which it 
follows that almost all integers are divisible by at least one prime in E. 
Thus the set S of all integers n such that (*) holds in Q(e2”$‘“) has density 1. 
The integers IZ < 100 in the complement of S are 1,2,7, 14,23,31,46, 
47,62, 71, 73,79,94. 
In [l], P. Chowla also proved that if m > 0 and m = 3(mod 8), then (*) 
holds in Q(2/-m). From Theorem 1 and [9, p. 2351 we can determine 
all quadratic fields for which (*) holds. 
THEOREM 7. (*) holds in Q( l/m), m square-free, if and onld if m is 
negative and either m = 2 or 3(mod 4) or m = S(mod 8). 
Note. The results in the form presented here were obtained by the first two authors. 
A less general result, including Corollary 2 and Theorems 3,4, and 7, had been obtained 
independently by the third author. 
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